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Abstract— Linear embeddings support interactive visual exploration by mapping high-dimensional (nD) data into a two-dimensional
space. Despite their popularity, selecting meaningful projection parameters remains a key challenge due to the infinite 2n-dimensional
parameter space. Once an informative projection is found, users often seek similar ones that emphasize specific items differently
while preserving global structure. For instance: Do clusters become outliers under slight changes? Can grouped items separate—or
merge—through parameter adjustments? Which changes to the embedding parameters lead to such projections — and do they exist
at all? Answering these questions efficiently is critical for effective visual search. Yet, current methods—such as projection tours or
manual parameter tuning—are time-consuming and risk overlooking important views, including those of specific interest. We propose
Composition Operators, a mathematical foundation for a novel set-of-point manipulation concept for linear embeddings—such as Star
Coordinates—as an alternative approach to selecting informative embedding parameters in a more controllable manner with respect to
the desired outcome. Users specify item-based constraints on the projection result; the corresponding 2n parameters are then derived
automatically, eliminating the need to exhaustively search the entire parameter space to get a similar outcome. Neither the embedding
space nor the set of parameters is altered – only the mechanism for navigating and selecting parameters is redefined. We provide
closed-form solutions for this and demonstrate our interactive prototype on nD datasets from the UCI repository.

Index Terms—Star Coordinates, Multivariate Projections, Composition Operators, Multidimensional Data

1 INTRODUCTION

A problem in the visual analysis of projections is that the outcome of
a projection method is rarely controllable in a targeted way. Instead,
one can only influence the parameter space that generates a projection.
This process often produces projections that are informative to the user
only by chance – making the analysis somewhat of a guessing game.
Some works identify this problem similarly [12,31,39,52]. The central
question then becomes: How can the outcome of projection methods
be better controlled?

For instance, Brown et al. [12] and Kim et al. [39] investigate how
parameters can be chosen to steer the outcome of bivariate scatterplots,
which lacks multivariate analysis. Hu et al. [31] examine how parame-
ters can be selected to control the outcome of nonlinear embeddings,
which considerably complicates the interpretation of the data measures.
In contrast, Molchanov and Linsen [52] studies how parameters for
linear, multivariate projections can be chosen to ensure good inter-
pretability – even though often only one form of interaction is offered
and the axes of the settings may degenerate. Moreover, many studies
lack a solid theoretical foundation.

This motivates us to address the topic by providing a generaliza-
tion of existing approaches and a comprehensive introduction to the
mathematical methodology for achieving a controlled outcome in pro-
jections — particularly for multivariate linear projections. In doing so,
we extend the concepts from previous work regarding a controllable
projection outcome with respect to the use of additional dimensions, the
implementation of further interaction tools for the user, the prevention
of degeneracies while maintaining good interpretability.

These advances enable practical gains. We target linear techniques,
such as Star Coordinates, prized for their interpretability and broad use
in interactive analysis. These methods map high-dimensional data into
two-dimensional spaces, yet selecting suitable embedding parameters
remains challenging due to the complex parameter space. Users often
wish to explore alternative projections that emphasize certain data
relationships - such as separating or regrouping points [65, 70, 74] -
without altering the overall structure.
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Fig. 1: Examples for different interesting relations of points of interest
(blue) in the projection space w.r.t. interesting patterns.

Those tasks are shown in Figure 1: Each pair of subfigures (a) and
(b) represents a user-driven question: Can selected points be reposi-
tioned in a way that changes their relation to the surrounding structure
(e.g., moving a point out of a cluster, integrating an outlier into a group,
or separating a subset) while preserving the global layout? These ex-
amples further motivate the need for a projection parameter selection
method that enables targeted manipulations without manual tuning or
exhaustive search.
Traditional techniques navigate the 2n-dimensional parameter space
via projection tours [8, 15, 22, 23, 44] or manual adjustments [25, 37,
38, 43, 45, 58], which may overlook important views. Recent interac-
tive systems infer embedding parameters from direct manipulations in
projection space, but rely on iterative refinement, heuristic key-point
choice, or nonlinear tuning — incurring cost and obscuring the map-
ping [24, 61, 62]. We replace these ad-hoc steps with a closed-form
solution: when users shift or anchor points, the corresponding Star-
Coordinates matrix is computed directly — no iterations or heuristic
reference points. The projection thus remains a valid Star-Coordinates
embedding, without new spaces or extra distortions.

Our mathematical method lets users specify the behavior of selected
points and automatically derives the corresponding parameters, preserv-
ing the embedding space’s integrity while making point-based analysis
more accessible. By manipulating shift-able and sticky points in a loop,
the desired projection is approached. If a solution exists, it is computed
in a least-squares sense; otherwise, the projection is infeasible for the
given data. We demonstrate our approach using an interactive prototype



and benchmark datasets, showing that Composition Operators enable
targeted exploration of meaningful projections. Importantly, the result-
ing outcome remain standard Star Coordinates — no new embedding
spaces are introduced. Our contributions in a nutshell are:

1. Introduction of Composition Operators as a toolbox for interactive
manipulation of points in linear projections to uncover more
informative views

2. A precise mathematical and technical formulation
3. An analysis of how data-vector norms affect manipulation quality
4. An interactive prototype implementation, and
5. Evaluation on benchmark nD datasets.

We begin by reviewing related work.

2 RELATED WORK

Work that is related to ours covers the field of projection techniques
and the topic of projection parameter selection.

Projection techniques: Projection methods embed nD data in 2D
or 3D, yet 3D adds little benefit [60]; we therefore focus on 2D. They
fall into local and global approaches.

Local techniques reconstruct distance relationships (e.g., via neigh-
borhood graphs [1,71]). Key examples are Stochastic Proximity Embed-
ding [16], Local Linear Embedding [57], Laplacian Eigenmaps [9], and
Stochastic Neighbor Embedding [29], used for visualization [13,55,72]
and in LAMP [35]. Surveys include [7, 54, 73].

Global methods comprise (i) bivariate and (ii) multivariate projec-
tions. (i) Bivariate plots - scatterplots or Parallel Coordinates [33, 34] -
depict two dimensions at a time; complete SPLOMs [14] grow quadrati-
cally. (ii) Multivariate projections map the full nD space to 2D, yielding
a 2n-dimensional parameter space. Examples include Radial Visualiza-
tions, Star Coordinates [37,38], Orthographic Star Coordinates [43,53],
linear Biplots [25, 58], General Projective Maps [45], and iLamp [5].
Such complexity necessitates tailored selection strategies.

Projection Parameter Selection: A common approach for bivari-
ate projections is to pre-compute projections of the parameter space
and rank them with quality metrics to capture diverse patterns of in-
terest [3, 4, 10, 40–42, 47, 63, 67]. Alternatively, sketch-based methods
train models on user sketches [59, 64], and Fink et al. [21] discuss
optimal 2D axis scaling. However, finding good parameter configura-
tions is challenging [6] because the space grows non-linearly with n,
especially for multivariate projections like Star Coordinates. Manual
exploration or sampling [32, 36] often finds interesting views only by
chance. Projection tours [8, 15, 22, 23, 51] offer an alternative, but they
grow exponentially in n and become time-consuming. Shorter, interac-
tive tours [19] or methods that avoid transformable projections [44] can
be more efficient. Other techniques reduce the 2n-parameter space to
lower-dimensional subspaces (with n0 < n) [50, 68, 69] — for example,
using subspace clustering [2, 48] — since data structures typically do
not span the full nD space [11, 28]. These approaches rely on predefin-
ing parameters before generating the embedding, which means relevant
projections are either found by chance or completely overlooked.

To overcome this, Fujiwara et al. [24] invert dimensionality-
reduction (DR) mappings: users specify desired point relations, and
the system infers parameters accordingly. This idea matches our goal,
but our Composition Operators supply a closed-form solution for linear
embeddings such as Star Coordinates, yielding instant, interpretable
results without iterative refinement.

Dis-function [12] is an interactive system that lets users steer a pro-
jection by manipulating points in a scatterplot. It iteratively learns an
improved distance function (feature weighting) based on these move-
ments, quickly yielding a 2D view that reflects the user’s domain
knowledge. This approach aligns with the idea behind Composition
Operators — both use point-wise interactions to influence embedding
parameters — but Composition Operators provide a closed-form solu-
tion for instantly deriving linear multivariate projection weights from
constraints instead of relying on an iterative loop for only bivariate
views.

InterAxis [39] offers a similar interactive technique, allowing users
to redefine scatterplot axes on the fly by dragging data points to desired

extremes and computing new axes as linear combinations of attributes.
The key difference is that InterAxis focuses on axis formation by ex-
ample, while Composition Operators allow users to impose positional
constraints on any subset of points.

Moreover, Hu et al. [31] investigate how user drag-and-drop in-
teractions in spatial (non-linear) MDS-projection can be translated
into model updates. The paper introduces interaction semantics and
weighting their influence so that the underlying projection algorithm
can incorporate the user’s intent. Our approach stands out in three
ways: (i) Direct derivation instead of interpretative ambiguity - Unlike
the weighted MDS [31], which may yield ambiguous interpretations
of moved versus unmoved points, Composition Operators directly de-
rive parameter changes from user-specified instructions (shift-able and
sticky points), eliminating guesswork. (ii) Preservation of Embed-
ding - Composition Operators preserve Star Coordinates as a linear
embedding, ensuring that projections remain interpretable in terms
of their data dimensions and mathematically consistent. In contrast,
the MDS-based method [31] relies on iterative optimization, yield-
ing results that are less direct and less interpretable. (iii) Efficiency -
Closed-form expressions and least-squares optimization compute pre-
cise changes to the projection matrix, enabling efficient navigation of
the 2n-dimensional parameter space without exhaustive search, unlike
the iterative approach.

Another way goes Piecewise Laplacian-based Projection (PLP) [56],
which uses a local, piecewise linear method based on Laplacian eigen-
maps to make the projection adaptable to user interventions. Users can
adjust parts of the layout and the algorithm updates the 2D projection
dynamically. While PLP introduces a new embedding algorithm that
can be hard to interpret, Composition Operators navigate the param-
eter space of an existing linear embedding (like Star Coordinates) by
deriving parameters that yield a more interpretable, user-desired view.

A more conceptional approach is given in SIRIUS [17], which is
a framework that treats user-driven interactions and machine-driven
projections as equal, interlinked parts of the dimensionality reduction
process. This philosophy is very much in line with the spirit of Com-
position Operators, which likewise closes the loop by computing new
embedding parameters from user interactions. In that sense, SIRIUS
provides a general conceptual framework for such two-way interaction
in dimensionality reduction, while our Composition Operators exem-
plify these abstract and general ideas in a specific setting by offering
a concrete mathematical mechanism for user-steered updates in linear
embeddings.

Explainers [27] are user-crafted projection functions that capture
key concepts by replacing unintuitive knobs with goal-driven param-
eter selection—via annotations or interactive adjustments—for more
insightful visualizations. While Explainers let users define semantic
dimensions upfront, Composition Operators let users manipulate points
in an existing projection to achieve a desired configuration.

Observation-level interaction lets users steer statistical models, as
showed by Endert et al. [20]. Self et al. [62] generalised the idea,
mapping imperative commands on point relations back to model pa-
rameters. They later realised it in Andromeda, a weighted-MDS tool
where each drag or slider move triggers an inverse optimisation of the
weight vector [61]. By contrast, our Composition Operators recover
the full 2n Star-Coordinates parameters in a single closed-form step,
yielding immediate, interpretable updates with no iterative tuning.

Mamani et al. [49] let users reshape the feature space locally: se-
mantic constraints on selected points trigger piecewise adjustments
in their neighbourhoods. Although this empowers direct, point-level
manipulation, it does not ensure a globally consistent linear embedding.

More recently, Wei et al. [75] introduced SpaceEditing, enabling
interactive editing of deep latent spaces for (nonlinear) deep neural
networks. Their work underscores a shared trend: users specify the
desired layout and the system adapts the projection accordingly. Our
contribution complements this direction by offering the same control in
interpretable linear spaces - with closed-form parameter updates and
guaranteed projection consistency.

Li and Zhou [46] allow the user to label certain samples and then
adding a corresponding classification objective to the embedding al-



gorithm. While Li and Zhou’s technique does so by integrating labels
into a deep learning model (altering the embedding with an additional
loss term), Composition Operators let the user directly manipulate the
projected positions of points to impose their domain knowledge.

Ghosh et al. [26] focus on how well a low-dimensional embedding
preserves the key structures of the original high-dimensional data. Their
approach could be used alongside Composition Operators to ensure that
user-driven adjustments do not inadvertently distort the important data
relationships, thereby combining controllable projection manipulation
with rigorous structural interpretability.

Among related work, Molchanov and Linsen [52] offers interactive
parameter selection; our approach complements this with formally
defined, chainable Composition Operators that broaden the range of
task-specific transformations and can reveal clearer views of the data.

In difference to most related work — which first fixes parameters,
uses hard-to-interpret embeddings, or limits itself to bivariate views —
we start from the desired outcome and derive the best-fitting parameters.
This yields a closed-form, multivariate linear embedding that stays
interpretable and supports diverse interaction schemes for greater user
flexibility. The next section details the operators’ technical background.

3 NOTATIONS & BACKGROUND

The subsequent mathematical notations are used throughout this work.

Symbol Size / Type Meaning

a scalar real number
a n×1 vector column vector (a1, . . . ,an)

⊤

∥a∥2 R≥0 Euclidean (2–)norm of vector a
∥A∥F R≥0 Frobenius norm of matrix A

0n, 1n n×1 all-zero / all-one column vector
In n×n identity matrix
n,m scalars n: data dimensionality; m: number

of data records

d n×1 single data record (d1, . . . ,dn)
⊤

D n×m full data matrix
[
d1 . . .dm

]
M n×q shift-able data matrix

[
m1 . . .mq

]
Q n×k sticky data matrix

[
q1 . . .qk

]
q,k scalars q: #shift-able points; k: #sticky

points
R n×(m−q− k) remaining data [r1 . . .rm−q−k];

D\ (M∪Q)

A 2×n Projection matrix with anchors ai =
(xi,yi)

⊤

p 2×1 projection of one record: p = Ad
P 2×m all projected points

[
p1 . . .pm

]
pm 2×1 projection of shift-able record: pm =

Am
Pm 2×m all projected shift-able points[

pm1 . . .pmq

]
pq 2×1 projection of sticky record: pq = Aq
Pq 2×m all projected shift-able points[

pq1 . . .pqk

]
pr 2×1 projection of sticky record: pr = Ar
Pr 2×m all projected shift-able points[

pr1 . . .pqm−q−k

]
∆A 2×n perturbation of projection matrix
∆p 2×1 user-specified shift in projection

fi(a) function interpolation function, appearing as
f0, f1, f2

∇e vector Gradient of e

Table 1: Mathematical Notation Summary

We note a lowercase letter a as a scalar, a bold lowercase letter
a = (a1...an)

T an n×1 column vector, and a bold uppercase letter A
an n×m real-valued matrix. ||a||2 denotes the Euclidean norm of a and
||A||F denotes the Frobenius norm of a matrix A given by

||a||2 =

√
n

∑
i=1

a2
i and ||A||F =

√√√√ n

∑
i=1

m

∑
j=1

a2
i j .

The term norm is used synonymously in the text and is meant to be
the Euclidean norm in case of vectors and the Frobenius norm in case
of matrices. The term data norm is the Euclidean norm of a data record.
0n is the zero column vector with 0n = (0 0 ... 0)T , while 1n is the one
column vector 1n = (1 1 ... 1)T , and In is the n×n identity matrix. We
avoid to mention the indices if they are clear from the context. Be n the
number of data dimensionality and be m the number of data records in
the data. Be d = (d1...dn)

T a data point in vector form in the nD data
set. Then, the n×m data matrix D is set to be D = (d1d2...dm).

The number q of data points di that are allowed to be interactively
shifted by the user in the projection are relabeled as mi and collected
within an n× q matrix M = (m1...mq). The number k of such data
points d j that are not allowed to move around in the projection space
but have to stick to the same position (even if the projection parameters
change) are relabeled as q j and collected within an n× k matrix Q
as Q = (q1...qk), with M∩Q = /0, meaning that a data point is either
supposed to be shift-able or to be sticky in the projection space (but
not both). The remaining data set R = (r1 . . .rm−q−k) with those data
points that shall be none of the two are given by R = D\{M∪Q},
which results in a set of disjoint sets, as a decomposition of the data

Data︷︸︸︷
D︸︷︷︸

n×m

=

Remaining Data︷ ︸︸ ︷
R︸︷︷︸

n×(m−q−k)

∪
Shift-Able Data︷︸︸︷

M︸︷︷︸
n×q

∪
Sticky Data︷︸︸︷

Q︸︷︷︸
n×k

.

In the following, we describe the Star Coordinate projection process.
Be the 2n-projection parameter space A given as a 2×n real-valued
projection matrix

A =

(
x1 x2 ...xn
y1 y2 ...yn

)
=
(
a1 a2 ...an

)
.

A column vector ai = (xi yi)
T of A is denoted as anchor point

and it represents the influence of a single dimension i to the resulting
projection. An intuitive visualization of the projection matrix A is as a
set of 2D points representing the anchor points ai and the axes ai −02
(around the origin 02) as Figure 2 (left) illustrates. Interacting with
the anchor points (which updates the projection matrix A) gives an
interactive approach to explore the 2n-projection parameter space. In
order to get the Star Coordinates, an nD data record d is mapped onto
the 2D projection space by the operation p = A·d, where p is a 2D
point, giving the 2×m matrix P of projected points as

P = A·D = (p1 = Ad1 p2 = Ad2 ... pm = Adm).
This gives us a useful interpretation for a projected point in Star

Coordinates as a linear combination of the data dimensions, enabling a
dimension-wise data interpretation to the user (Figure 2 (left)). Note
that for non-linear local projections such an interpretation is not feasible,
due to the non-linearly embedded dimensions (Figure 2 (right)). This
motivates us to rely on Star Coordinates.

Local ProjectionStar Coordinates

Fig. 2: Projection matrix visualization via n = 4 anchor points in Star
Coordinates (left) and for any local projection technique (right).

Its projection yields three domains: the nD data space, the 2nD
projection matrix space, and the 2D projection space. Building on
these concepts, we subsequently introduce Composition Operators.



4 CONCEPT OF COMPOSITION OPERATORS

To set the stage, we first outline the core principles that underpin our
Composition Operator framework: Adding a perturbation ∆A to the
projection matrix A displaces a projected point p by ∆p:

p+∆p=(A+∆A)·d, p=A·d, ∆p=∆A·d, ∆p=(∆p1,∆p2)
⊤.

Given a user-specified shift ∆p for p, we seek a matching ∆A that
tailors the new projection A+∆A for better insight. Let Pm be projected
from shift-able data M, Pq projected from sticky data Q, and Pr =
(pr1 . . .prm−q−k) projected from remaining data R; giving

Projected
Data︷︸︸︷
P =

Projected
Remaining Data︷︸︸︷

Pr ∪

Projected
Shift-able Data︷︸︸︷

Pm ∪

Projected
Sticky Data︷︸︸︷

Pq .

We start by the initial projection P = A·D: then the user marks
a number k of points as sticky, forming the 2× k matrix Pq. The
corresponding data records build matrix Q in a way that the point
pq j ∈ Pq is the projection point pq j = A·q j of the data point q j ∈ Q.

Pq...sticky projection points → Q...sticky related data points.

These sticky projection points are supposed to preserve their position
as good as possible under varying the initial projection matrix A with a
slight change ∆A to a new projection A = A+∆A.

Moreover, the user tags a second set (being disjoint to Q) of a number
of q points as shift-able, defining the 2×q matrix of points Pm. The
related data records mi ∈ M define the matrix M as described above:

Pm...shift-able projection points → M...shift-able related data points.

The shift-able projection points are supposed to change their position
about a certain shift vector ∆p, as pmi = pmi + ∆p under varying
the initial projection A with a slight change ∆A to a new projection
A = A+∆A. Based on a user-given shift vector ∆p = (∆p1 ∆p2)

T , we
are now interested in finding a change of the projection ∆A to a novel
projection A = ∆A+A in a way that:
- Low Impact: the global projection does not change too much,
- Best Shift: the shift-able points are placed (closely) to pmi +∆p,
- Best Stickiness: the sticky points change as little as possible.
________________________________________________________

A) Low Impact: when changing from projection A to A, the total
impact for the projection is given by the term (cf. Figure 3(a))

m−q−k

∑
i=1

||A·ri −A·ri||22 =
m−q−k

∑
i=1

||(A−A)·ri||22 (1)

≤ ||(A−A)||2F ·
m−q−k

∑
i=1

||ri||22 = ||(A−A)||2F︸ ︷︷ ︸
Projection Amount

·
(

Tr(RT R)
)

︸ ︷︷ ︸
Data Amount

. (2)

Since the data only enter through the constant positive trace value, we
drop it - leaving the topology unchanged - so the bound simplifies to eA

eA = ||(A−A)||2F ... Projection Impact Quality. (3)

Note that (3) is a weaker condition than (1); if (1) vanishes, then (3)
also vanishes, but not vice versa. We accept this trade-off because
omitting the data here is more efficient: the scheme depends only on
the size n of the projection matrix, and typically n ≪ m−q− k applies.________________________________________________________

B) Best Shift: when changing from projection A to A, the over-
all shift quality eM is the difference between the desired position
pmi +∆p = (A·mi)+∆p and the reached position pmi = A·mi (cf.
Figure 3(b)) given by the term

eM =
q

∑
i=1

||(A−A)·mi −∆p||22 ... Shift Quality. (4)

________________________________________________________
C) Best Stickiness: when changing from projection A to A, the

overall stickiness quality e−Q without memory is given as the difference
of the position of point pq j = A·q j for projection A and the position

pq j = A·q j for the successor projection A (Figure 3(c1)), which gives

e−Q =
k

∑
j=1

||(A−A)·q j||22... Stickiness Quality.
- - - without memory - - -

(5)

The overall stickiness quality e+Q with memory equals the difference
of the current position of point A·q j and the original position pq j ∈ Pq,
where it was when the user tagged it as sticky (cf. Figure 3(c2)), giving

e+Q =
k

∑
j=1

||(A·q j)−pq j||
2
2...Stickiness Quality.

+ + with memory + +
(6)

The term without memory e−Q measures the deviation of each sticky
point with respect to its immediately preceding position in the current
interaction step; it thus penalises only the incremental drift that occurs
from one projection matrix to the next. In contrast, the term with mem-
ory e+Q measures the deviation with respect to the initial anchor position
at the moment the point was declared sticky, thereby accumulating the
total drift over the entire interaction history. Put differently, e−Q acts like
a short-range spring that smooths local jitter, whereas e+Q behaves like
a long-range spring that continually pulls the point back to its original
location, ensuring long-term positional stability.

(a) (b)

(c2)(c1)

Projection Impact Quality Shift Quality

Stickiness Quality (without memory) Stickiness Quality (with memory)

r

r

Impact in
Projection
from shift-able

point

Quality Error
between target
point and reached
point from

Target Point

Quality Error
of the drift of a
sticky point from

sticky point

sticky point

Quality Error
of the drift of a
sticky point from

not shift-able
not sticky point

r

r

r
r

r

r

Fig. 3: Quality metrics for impact (a), shift quality (b), and stickiness (c).
________________________________________________________
Now, we define the total manipulation quality energy e(A)∗ as:

e(A)∗ =
[
(α·eA)+(β ·eM)+(γ·e∗Q)

]
...Manipulation

Energy
(7)

where ∗ in e(A)∗ is a placeholder denoting e(A)− is the total ma-
nipulation energy without memory and e(A)+ with memory, and
α,β ,γ ∈ [0,1] are weightings for the three quality terms. Note that
while the terms eM and e∗Q have their global minimum at 0, the term
eA gets 0 for ∆p = 0, i.e., when no shift operation is applied. Thus, the
minimum of eA is given in practise by a small but positive value, and
thus the manipulation energy e(A)∗ does.

The gradient ∇e(A)− without memory is given as:

Manipulation Energy Gradient
- - - - - - without memory - - - - - -

∇e(A)−

= 2

(
(A−A)·

[
β ·MMT + γ·QQT +α·In

]
−
[
β ·∆p·(M·1q)

T
])

(8)

and the gradient ∇e(A)+ with memory is given as:

Manipulation Energy Gradient
+ + + + with memory + + + +

∇e(A)+

=2

(
(A−A)

[
βMMT+αIn

]
+
[
γA·QQT

]
−
[
β∆p(M·1q)

T−γPqQT
])

(9)

Please find the proof for (8) and (9) in the additional material.



A solution for the projection matrix A∗
= A+∆A leading from A

to A minimizing the manipulation energy e(A)∗, i.e., having vanishing
gradient ∇e(A)∗, is given without memory in its general form as

Composition Operator
- - - - - - without memory - - - - - -

A−
=
[
β ·∆p·(M·1q)

T ·H−1
]
+A (10)

and with memory in its general form as

Composition Operator
+ + + + with memory + + + +

A+
=
[
β ·∆p·(M·1q)

T +(γ·PqQT )+A(α·In +β ·MMT )
]
·H−1 (11)

with the n×n matrix H =
(
β ·MMT + γ·QQT +α·In

)
.

We set α = 1 as further discussed in the additional material.
Moreover, please find the proof of the Composition Operators in (10)
and (11) and a discussion for the existence of H−1 in the additional
material, too. Note that H−1 needs to be computed once for a selection
of points but allows then an infinite number of interactive shifting
operations to explore projections of interest. Moreover, inverting a
matrix might be expensive. However, in this case, H is growing with
the number n of dimensions. Since n ≪ m applies for most cases,
inverting H is neither a critical nor an expensive operation. In the
following, we derive and discuss various special cases and scenarios
from the general forms of the composition operators.

4.1 Composition Operator for Shift-Able Sets
In this section, we begin with the scenario in which the user interactively
selects and moves only a set M of shift-able points - no sticky points are
selected or considered yet. Please note, the distance of a data point to
its origin in the data space relate to its manipulation ability in projection
space. We are going to discuss this effect deeply in Sec. 5.

For now, we deal with this by introducing a process named Norm
Equalization, in the following manner: we introduce a user parameter
ε ∈ [0 1] and normalize the matrix M of data points to Mε with

mε = (m/||m||2)· f0(ε),
where f0(ε) is a polynomial of degree 2 with f0(0) = ||mmin||2,
f0(0.5) = ||mmax||2, f0(1) = ||m||2, giving f0 as

f0(ε) = ||mmin||2 +
(−3||mmin||2 −||m||2 +4||mmax||2)ε

+(2||mmin||2 +2||m||2 −4||mmax||2)ε2,

�

m||
m
a
x ||2

m||
m
in ||2

m||
||2

f0
with mmin and mmax have minimal or maximal
norm (||mmin||2 or ||mmax||2) in M. This gives
an intuitive interpretation of the parameter ε : For
ε = 1, no Norm Equalization in M is applied,
i.e., Mε = M (see Fig. 4(a)); for ε = 0.5, the
data points in Mε are mapped to the hypersphere
of the most distant position of M and thus all
members have the same distance now (see Fig. 4(b) green circle); and
for ε = 0 the data points in Mε are mapped to the hypersphere of the
smallest distant position of M (see Fig. 4(c) green circle).

With the Norm Equalization, and by putting β = 1, γ = 0, q > 1 in
(8), the related gradient of the manipulation energy e is

Manipulation Energy Gradient
. . . . . . for shift of a point set . . . . . .

∇e(A)ε

= 2

(
(A−A)·

[
Mε MT

ε + In

]
−
[
∆p·(Mε ·1q)

T
])

(12)

With this, and (10) the Composition Operator is given as

Optimal Projection Composition Operator
. . . . . . for shift of a point set . . . . . .

Aε =
[
∆p·(Mε ·1q)

T ·H−1
ε

]
+A (13)
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Fig. 4: Norm Equalization of matrix M.

with Hε =
(

Mε MT
ε + In

)
. (14)

Please note, if only one single point shall be shifted, (13) can be
used as well. However, for that case, a simpler version of (13) can be
derived as shown in the additional material under One Shift-Able Point.

4.2 Composition Operator for Shift-Able vs. Sticky Sets
In this section, we consider now the scenario in which the user interac-
tively selects and moves shift-able points and selects sticky points as
well. Given a set M of shift-able points and a set Q of sticky points, the
general manipulation gradients from (8) and (9), along with the Compo-
sition Operators from (10) and (11) - with or without memory - become
relevant. Our aim is to keep a set Q (with k > 1) as close as possible
to its initial position while shifting another set M to a desired location
using the same projection matrix. The shift and stick constraints are not
inherently conflicting: if the shift distances and the number of elements
are small, the constraints may be self-consistent. However, with an
increased number of shifts or larger sets, the constraints can become
contradictory by over-constraining the projection matrix.

For compensation, we introduce a second user parameter δ ∈ [0 1]
to provide users with a streamlined means to blend between the con-
straints on demand in the following way: Usually, one does not want
to have two parameters to choose the importance of constraints in an
optimization, as is the case here with β and γ . Instead, one would like
to have a single user parameter – e.g., a parameter δ ∈ [0,1] – to control
all sensible configurations of the weighting of the conditions. In doing
so, the following should apply:

• δ = 1.0 ⇒β = γ = 1: shift-able & sticky points equally important.
• δ = 0.5 ⇒β = 1, γ = 0: shift-able important, sticky not.
• δ = 0.0 ⇒β = 0, γ = 1: shift-able not important, sticky important.
This gives rise to the question of how β and γ can be chosen as a

function of δ given the three support points:

δ 1 0.5 0 δ 1 0.5 0
β (δ ) 1 1 0 γ(δ ) 1 0 1

Such a problem is a simple interpolation through three points, which
requires at least a degree-2 polynomial; by parsimony, we choose this
minimal degree, yielding a quadratic interpolation:

β (δ ) =−2δ
2 +3δ , γ(δ ) = 4δ

2 −4δ +1. (15)

Hence the user adjusts solely parameter δ , while the algorithm derives
consistent trade-offs - purely algebraic, with no hidden heuristics.

f1
f2

�

�

�

Then, we set the energy weightings in (7)
to β = β (δ ) = f δ

1 and γ = γ(δ ) = f δ
2 , giving

the blending parameter δ a clear meaning: for
δ = 1 shift and stickiness are equally weighted;
at δ = 0.5 stickiness is reduced to favor shifting;
at δ = 0 shift vanishes, maximizing stickiness.

With the impact control parameter ε and the
blending parameter δ (and α = 1; q, k > 1) in-
troduced before, from (10) and (11) it follows the Composing Operator
with/without memory as1:

1Note that from (8) and (9) the gradient follows similarly.



Optimal Projection Composition Operator
: : without memory and with control and blending : :

A−
εδ =

[
f δ
1 ·∆p·(Mε ·1q)

T ·H−1
εδ

]
+A (16)

and with memory as

Optimal Projection Composition Operator
≈ ≈ ≈ with memory, control and blending ≈ ≈ ≈

A+
εδ=

[
f δ
1 ·∆p(Mε ·1q)

T+( f δ
2 ·PqQT )+A(In+ f δ

1 ·Mε MT
ε )
]
·H−1

εδ
(17)

with the n×n matrix Hεδ =
(

f δ
1 ·Mε MT

ε + f δ
2 ·QQT + In

)
. (18)
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Fig. 5: Composition Operators: (left) one shift-able point pm, (middle) a
set Pm of shift-able points (right) with an additional set Pq of sticky points.

Our Composition Operators enable various interactive projection
point manipulation strategies to form a parameter set of interest in A.
Figure 5 illustrates these manipulations. With this, we conclude our
discussion of operator classifications and now address practical aspects
of using these operators.
4.3 Practical Aspects When Using Composition Operators

Solution Space: Due to the 2n degrees of freedom, a good fitting solu-
tion in A exists if q+ k ≤ n. When q+ k > n, we can still approximate
the constraints well — either by adjusting the points or by keeping the
sticky points fixed. To balance these approaches, we introduced the
blending parameter δ . More details are provided in Section 6.

However, note that the solution space in A for the sticky points
is larger than for the shift-able points. For sticky points, only the
distance around the original position matters for a good fit, whereas
for shift-able points both the distance to the target and the angular
deviation are important - making shifting more restrictive than
keeping points fixed. The optimal δ depends on whether accurate
shifting or precise attachment is more important to the user, and
including δ in the optimization leads to a non-linear problem
without a closed-form solution. Nevertheless, the parameter re-
mains a valuable tool for supporting the projection composition process.

Attached/Fixed Anchor Points: In order to support the visual
analysis between the projected points and the data dimensions even
further, an interesting operation is to forbid an anchor point ai ∈ A to
change its position. Clearly, keeping a constant position for the anchor
point ai when the Composition Operators are used, i.e., ai ∈ A = ai ∈ A.
The naive solution is either to set the ith column vector in A to 02, or
to replace the ith column vector in A by ai in the aftermath. Both
approaches would negatively influence the manipulation energy and
thus worsen the results. A reasonable solution is to set the ith row vector
in Mε and Q to 0T , and to subtract from the projected points Pq the
linear influence of the fixed axes as Pq := Pq − (A f ix·Q), which finally
preserves the position of ai. Here, A f ix is a 2× n zero matrix with
the anchor point ai at the ith position, e.g., to fix the third dimension
gives A f ix = (02 02 a3 02 ... 02), or to fix the fourth dimension gives
A f ix = (02 02 02 a4 ... 02) and so on. This procedure can be applied to
fix an arbitrary number of anchor points. Note, to cancel rows in the
matrices M and Q is equivalent to removing two degrees of freedom
each time for A, while the system gets over-constrained with a fewer
number of points as discussed before.

Distortions Minimizing Operators: Given a Composition Operator
A, an orthographic version Aπ := orth(A) can be generated [43] mini-
mizing projection distortions and axis degeneration. A cost-effective
reconditioning for orth can be applied with complexity O(n) (see [43]).
The additional impact on projection is negligible for small ∆p, since
lim∆p→0 ∥Aπ −A∥2

F = 0.

Gradient Descent: By having a closed form solution for the op-
erators A, a one step solution is feasible. However, if the shift-able
and/or the sticky point sets are really large, and the sets do not fit into
the storage anymore, or for other reasons, a gradient descent could be
used alternatively to find a minimum for A. By using the manipulation
energy gradients of (8), (9), (79), and (12), the gradient descent is:

Ai+1 = Ai −h·∇e(Ai)
∗, A0 = A, (19)

The descent stops at ||∇e(A)∗||2F = 0 or close to it: ||∇e(A)∗||2F ≤ τ ,
τ → 0. To avoid oscillation effects, the step size h needs to be small,
ideally depending on the norm of the gradient ∇e(A)∗, i.e., the smaller
the norm the smaller h should be. Since the descent is more expensive,
we use the closed form solutions for our proof of concept.

In that regard, please note, it is somewhat surprising that not every
component of an nD data point can be manipulated in the same way. In
fact, an inherent characteristic - related to the data’s norm - determines
whether data points can be mutually manipulated within the projection
space. The norm properties of the data and those of the items in the
three domains are interrelated and play a crucial role in how effectively
the data can be manipulated, as discussed subsequently.

5 DATA NORM-BASED CONSTRAINTS ON MANIPULABILITY:
LIMITATIONS AS AN INHERENT PART OF THE DATA MODEL

Let us begin by considering a small shift ∆p of a projection point
p. Such a shift must be caused by a corresponding small change
∆A in the projection matrix A associated with the data point d rep-
resented by p. This relationship is given by ∆p = ∆A ·d. Next, con-
sider the norm ||∆p||2, which can be interpreted as the radius within
p is allowed to move in the projection space. From these considera-
tions, the relation among the norms in the three domains follows as:
||∆p||2 ≈ ||∆A||F · ||d||2 an thus as:

Projection Space︷ ︸︸ ︷
||∆p||2
||∆A||F︸ ︷︷ ︸

Projections Matrix Space

≈ ||d||2︸ ︷︷ ︸
Data Space

. (20)

Interestingly, the norms in the three domains are mutually coupled.
While the data space norm is fixed, the norms in the projection space
and the projection matrix space can vary and must satisfy the equation
of state in (20). Thus, the data norm sets the limit for the ratio of the
other two norms. Technically, ||∆p||2 represents the radius over which
the projection point p shifts in the projection space when the projection
matrix A contributes a norm ||∆A||F . Following this reasoning, we
can assess how changes in the projection matrix affect the shift of a
projection point based on the data norm. In short, data points with
smaller norms cannot be manipulated as strongly as those with larger
norms (since they provide a smaller equilibrium in (20)). We call this
the shift impact of a data point.

Projection Matix Space Projection Space

Norm in
Data Space

Norm in
Data Space

Fig. 6: Shift Impact: ||∆p||2/||∆A||F for given decreasing ||∆A||F in com-
parison to an increasing data norm ||d||2.

Shift Impact: A data point d with a large norm (||d||2 → ∞)
produces a maximal shift of the projection p for a minimal change



in the projection matrix ∆A, whereas a data point with a small norm
(||d||2 → 0) yields only a minimal shift of p even if ∆A changes consid-
erably. Figure 6 illustrates this effect. In summary, shifting a projection
point corresponding to data with a small norm requires a larger adjust-
ment of the projection matrix compared to shifting a projection point
associated with data of a larger norm. In other words, projection points
for data farther from the origin (i.e., with larger norms) lead to less pro-
nounced changes in the projection matrix than those closer to the origin.

Recommendation 1 for the work with Composition Operators:
From the shift impact, it follows that if the user wishes to change the
projection as little as possible (in order to best preserve the overall
structure), they should manipulate projection points corresponding to
data points with larger norms when using Composition Operators.

When manipulating multiple projection points, the shift impact im-
plies that different points may move by varying amounts for the same
change in the projection matrix. We refer to this phenomenon as the
shift lack for multiple points.

Shift Lack: We see from (20) that a data point dmin with a smaller
norm cannot be shifted over the same range ∆p as a data point dmax
with larger norm point could - by using the same ∆A. with ||dmin||2 <
||dmax||2 which gives

||∆pmax||2
||dmax||2

≈ ||∆pmin||2
||dmin||2

→ ||∆pmin||2 ≈ ||∆pmax||2·
||dmin||2
||dmax||2

.

From this follows the difference between the minimum and maxi-
mum shift in projection space for two points, denotet as shift lack, as(

||∆pmax||2 −||∆pmin||2
)
= ||∆pmax||2·

(
1− ||dmin||2

||dmax||2

)
. (21)

Informaly speaking: some projected points move faster than others in
the projection space, when changing the projection matrix.

Shift Impact & Shift Lack vs. the Norm Equalization of Sec. 4.1:
We can now come back and explain why norm equalization is helpful.
Shifting a set M of points does not allow every point mi to be shifted
exactly to pmi +∆p in projection space due to the shift lack (21). This
effect increases with the range between the data points mmax with the
largest norm ||mmax||2 and mmin with the smallest norm ||mmin||2. To
control the impact of a shift on the projection/projection matrix, the
Norm Equalization was introduced to blend the most and least distant
points. However, note that only the shift impact can be controlled; the
shift lack is inherent to the dataset and cannot be prevented. There-
fore, the data norm ultimately determines and limits the quality of the
interactions available to the user.

6 EVALUATION
In the following section, we examine the key properties of our Compo-
sition Operators, which enable an interactive, intuitive, and rapid visual
search for optimal projection parameters in the linear mapping of high-
dimensional data. For further details, please refer to the accompanying
video and additional material.

6.1 Evaluation of Quality Terms versus
Limitations Based on Data Norms

Shifting a set of points: We consider a set of q points M while simul-
taneously trying to keep another set of k points Q as fixed as possible.
A good fit is given if the shift and the stickiness quality minimizes (cf.
Sec. 4). We subsequently analyze the properties of the shift and the
stickiness quality. We start with the shift quality and get the estimate

e(A)M ≤q2
β

2 ∥∆p∥2
2

(
1

β 2 +
(σmin(M)+δM)4

(α +βσ2
min(M)+ γσ2

min(Q))2

− 2
qβ

σ2
min(M)

α +β (σmin(M)+δM)2 + γ(σmin(Q)+δQ)2

) (22)

where σmin(M) denotes the minimum singular value of M and δM =
σmax(M)−σmin(M) denotes the difference between the maximum and
minimum singular value. δQ is given analogously. The proof of (22)

can be found in the additional material. Note that (22) relates to three
quantities that characterize the point cloud M in data space: the number
of points q, the minimum singular value σmin(M) and the diameter of
the spectrum δM. Using this, one can analyze several scenarios:

1. (a) Suppose δM is small compared to σmin(M). Then, the ex-
pected shift error is dominated by σmin(M). For small σmin(M)
we have

eM(A)≤ q2 ∥∆p∥2
2 . (23)

A large minimum singular value of M will cause the shift error to

eM(A)≤ 2q2(1− 1
q
)∥∆p∥2

2 . (24)

2. (a) If the gap δM is large compared to σmin(M) the expected shift
error is expected to be large since this means that the points of M
are distributed in an ellipsoid that is very long in one direction
and very slim in another direction in data space. Specifically, we
have for small σmin(M) the estimate

eM(A)≤ q2

(
1+

δ 4
M

(α + γσ2
min(Q))2 β

2

)
∥∆p∥2

2 . (25)

For large σmin(M) estimate (24) holds.
3. (a) Estimate (22) shows that the error for the shift is expected to

be smaller if the data points in Q are uniformly distributed, i.e., if
δQ is small and if they have a small minimum singular value.

With the same methods a similar estimate for the stickiness error
can be shown to take the form

eQ(A)≤ q2
β

2 ∥∆p∥2
2

(
(σmin(M)+δM)2(σmin(Q)+δQ)

2

(α +βσ2
min(M)+ γσ2

min(Q))2

)
(26)

This implies the following for the user:
1. (b) If δM or δQ are large compared to either σ2

min(M) or σ2
min(Q)

the stickiness error is expected to be large.
2. (b) If σmin(M) becomes large the stickiness error is essentially

bounded by eQ(A)≤ q2 ∥∆p∥2
2 (σ

2
min(Q)+δQ)

2. In this case, a
large σmin(Q) or a large δQ can lead to a large stickiness error.

3. (b) If σmin(Q) becomes large, we essentially have eQ(A) ≤
q2β 2/γ2 ∥∆p∥2

2 (σ
2
min(M)+δM)2. If both σmin(M) and σmin(Q)

are large and of the same order of magnitude then we have
eQ(A)≤ q2 β 2

β 2+γ2 ∥∆p∥2
2.

To sum up, with 2(a) and 3(a), the shift quality is small if the
data norm differences of the data in M and Q are small, uniformly
distributed, and the minimal norm in Q is small, too. With 2(b) and
3(b), the stickiness quality is small if the minimal norm in M is large.
Thus, the minimal norm of M should be larger than the minimal norm
of Q. Based on our evaluation of the quality terms with respect to the
data norms, the following recommendation for the optimal use of the
Composition Operators can be directly derived:

Recommendation 2 for the work with Composition Operators: In
order to minimize manipulation energy and achieve optimal shift re-
sults, the user should select data points that exhibit comparably large
data norms for shift-able points in M and comparably small data
norms for sticky points in Q.

Note that as the dimensionality n increases, the data distributions
tend to become more uniform [11, 28], implying that the effectiveness
of Recommendation 2 gradually diminishes for large n. This obser-
vation is consistent with the notion that the degrees of freedom for
Composition Operators increase as n grows.

6.2 Evaluation for Visual Support to Perceive Data Norms
As seen, data norms are essential for effective use of Composition
Operators, especially when selecting shift-able and sticky points (cf.
Recommendations 1 and 2). To support norm-aware selections, we
provide visualizations that encode data norms directly in the projection.

Figure 7 illustrates this for the WDBC dataset. The Traditional
View (top-left) shows a standard projection of all data points. The



Data Norm View (top-center) maps each point’s norm to its circle size:
larger norms result in larger circles. The Color-Coded View (top-right)
additionally encodes norms by color (e.g., yellow for low norms, purple
for high norms), which further reduces clutter. The Relevance View
(bottom-right) focuses on the selected shift-able (blue) and sticky (red)
points, hiding all others. The Data Norm View + Shift-Able/Sticky
Points (bottom-left) shows the same selection but also includes the
unselected points in black.

These views enable users to quickly assess data norms and apply se-
lection strategies effectively. The system also provides direct feedback
on composition feasibility based on the data norms.

Traditional View for WDBC Data Norm View

Data norm is mapped on circle size Data norm is also mapped on color

Data Norm View D
ata
N
orm

+

-

Only Shift-Able/Sticky Points are seen

Data Norm View+ Shift-Able/Sticky Points Relevance View

Fig. 7: Norm-related views to the WDBC data.

6.3 Qualitative Evaluation
Properties of Composition Operators: In Figure 8, we examine the
properties of the Composition Operators using the Iris (see Fig. 8(1 -
12)) and Yeast datasets (see Fig. 8 (13 - 24)) from the UCI Repository
[18]. Orange points indicate sticky points and their current positions
under interaction, while blue points represent shift-able points.

With/Without sticky points: Since shift operations with ∆p affect
only shift-able points, they are central to our technique. When applied
without sticky points (see Fig. 8 (1 - 6) and (13 - 17)), these operations
replace points (while the projection parameters are updated), similar to
a conventional ArcBall interaction, where a user intuitively rotates a
3D object by dragging a virtual trackball with the mouse, mapping 2D
input to 3D orientation changes [66]. This enables the formulation of
hypotheses about cluster structures in the data and facilitates insights
into the sub-space in which the selected points are embedded.

With/Without Memory: Without the memory effect, the sticky points
move with the direction of the shift-able points, but at a slower pace. As
a result, the separation between sticky and shift-able points increases
over time. In contrast, using the memory effect (see Sec. 4) induces
a continuous restoring motion of the sticky points back toward their
memory positions, similar to a spring-force model. This minimizes the
sticky bias and results in an adaptation of the projection parameters. To
verify this, compare Fig. 8 (7) with (11) and Fig. 8 (19) with (23).

Blending Parameter δ : It controls the stiffness, emphasizing either
the memory effect (by penalizing the shift) or vice versa. The user can
adjust this parameter to focus on the desired aspect. In our experience,
δ = 1 works best for achieving common goals; however, tweaking δ

may enhance the projection composition quality in certain cases (see
Fig. 8 (7 - 9) and Fig. 8 (19 - 21)).

Fixing the Axes: Fixing axes is a useful tool for feature-related
analysis. For the Iris dataset, axes 3 and 4 are fixed, and for the Yeast
dataset, axes 4 through 8 are fixed. Compare Fig. 8 (7) with (10) and
Fig. 8 (19) with (22). While this reduces the degrees of freedom —
resulting in stronger adaptation of the remaining axes and occasionally
preventing the desired shift — the axes do not degenerate over time due
to error accumulation. In fact, returning shift points to their original
positions yields axis configurations that closely resemble the initial
ones. Further details to this can be found in the additional material.

Composing Class Separation: By toggling shift-able and sticky
items and shifting them appropriately, our approach supports complex
analytical operations. A key example is the separation of classes in the
projection space — a common scenario in visual analytics. Using the
composition tools described above, our method can quickly yield well-
separated classes. Figure 9 demonstrates this with the Census, Wine,
and Sponge datasets (classes are color-coded). At the top, different
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Fig. 8: Composition Operator properties w.r.t. memory effect, use of the
blending parameter, axis fixation, and the interplay between shift-able
and sticky points.

classes overlap; the goal is to separate one or more classes as effectively
as possible. At the bottom, our operators resolve the overlap on demand.
For further details, please refer to the additional video.
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Fig. 9: Composition Operators for (color-coded) class separation.

Composing Minimum Separation: Composition operators, used di-
rectly in projection space, make formerly complex visual tasks intuitive.
In Fig. 10, a user analysis process is emulated: finding a projection that
minimizes separation among items of interest (orange circles) to cluster
them. Traditionally difficult due to the large parameter space, this task
becomes effortless with shift-able and sticky points.

Let us focus on the top row of Fig. 10 from left to right: The
following sequence shows the user’s steps with Composition Operators
to find a projection where the four points of interest (orange circles)
have minimal separation.
• Fig. 10 (1): The user identifies the goal of clustering the four marked

points of interest (orange circles).
• Fig. 10 (2): The user marks two points of interest as shift-able (blue)

and one as sticky (red).
• Fig. 10 (3): The user moves the shift-able points along the blue arrow

∆p; the shown underlying anchor points adjust to reflect the updated
projection.

• Fig. 10 (4): The user continues moving the shift-able points until
those two and the sticky point of interest form a cluster; the anchor
points update accordingly.

• Fig. 10 (5): The user sets the three clustered points of interest to
sticky (red) and the remaining point of interest to shift-able (blue).

• Fig. 10 (6): The user moves the last shift-able point of interest along
the blue arrow ∆p until it joins the sticky points of interest; anchor
points adapt as before.

• Fig. 10 (7): The process completes; all shift-able and sticky proper-
ties are removed, leaving the four points of interest clustered, with
minimal seperation. The user can now read the projection parameters
from the anchor configuration.
Let us now focus on the bottom row of Fig. 10 from left to right: A

plain visualization of projection parameters via anchor points is shown
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Fig. 10: User Analysis Process for composing a minimal separation between four points of interest (orange-colored circles) by Composition Operators.

in Fig. 10 (B), (D), and (F) (related to steps of Fig. 10 (2), (4), and (7)),
illustrating how parameters adapt and confirm the final clustering of
points of interest. Additionally, Fig. 10 (A) restates the analyst’s goal.

Fig. 10 (C) offers a “what-if” on step (3): without marking a point of
interest as sticky, the shift-able point of interest would not move closer
to them in step (4). Fig. 10 (E) shows a “what-if” on step (6): without
the marking from step (5), the points of interest would drift apart when
moving the shift-able point of interest. These “what-if” cases highlight
that while many Operator sequences can achieve the goal, some fail;
iterative, successive use reliably guided the analyst to the solution in
all our experiments.

The entire process took less than 20 seconds. Compared to traditional
approaches (cf. Sec. 2), composing the projection in this manner
dramatically speeds up the visual analysis process. Further examples of
the Composition Operator’s application in various use-case scenarios
can be found in the additional material.
7 DISCUSSION & LIMITATIONS

Performance: Since computing the Composition Operator A scales
only with the sizes of the sets q and k, and since the inversion of H
depends solely on the dimensionality n (cf. Sec. 4), which is fixed for a
given nD dataset, we achieved interactive rates (over 100 fps) on our
2.7 GHz machine for all our experiments and benchmark datasets.

Shift Path Dependency: Let Astart denote the initial projection
matrix, and let p(t) be a 2D curve running from p(0) = pstart to
p(1) = pend , with Astart associated with pstart . Our operation steps,
∆p, are obtained by sampling this curve for t ∈ [0,1]. Assuming
sufficiently small steps, the resulting projection matrix Aend at pend
depends on the chosen path p(t) — indicating that many projection
matrices can optimally reconstruct the set of point manipulations.
Moreover, if the curve is closed (i.e., pstart = pend), then in general
Astart ̸= Aend . However, our experience shows that these projections
are quite similar, ensuring a stable composition process (see the
degeneration discussion in the additional material).

Bivariate Scatterplots vs. Multivariate Star Coordinates: Since
scatterplots offer only two degrees of freedom [21], only the one-point
shift operation of Sec. 4 can be applied. In contrast, all additional
Operators require multivariate Star Coordinates [37] with n > 2.

Differences to Related Interactive Projection Scheme. Molchanov
and Linsen [52] let users tune projection parameters by dragging
control points (often class centroids) in the projection space. Our
Composition Operator framework differs in four main aspects:

i) Well-posed for high dimensions. When the data dimensionality
exceeds the number of classes, the equations in [52] become
under-determined; they resolve this by adding random auxiliary
points, which may alter the semantics. Our formulation stays well
defined without such points.

ii) Item-level versus class-level control. We assign the “shift-able”
or “sticky” status independently to every point, enabling both
individual and group manipulations, with or without class labels.

iii) Sticky points. The framework supports points that remain fixed
while others move, so users can iteratively test hypotheses without

losing established structures.
iv) Distortion-aware axes. Axes are constrained by Orthographic Star

Coordinates [43], preventing axis degeneration and mitigating
projection distortions observed when axis length is unconstrained.

Limitations in Linear vs. Projective Projections: Our operators
cannot be directly applied to projective projections (e.g., Rad-
Vis [30, 45]) because these techniques introduce non-linear distortions.
In such cases, shifting a point p to p+∆p depends non-linearly on both
the data norm ∥d∥2 and the current position p in the projection space,
posing a higher-order issue. Consequently, defining a single linear
operation A+∆A that can shift various data records is challenging.

Limitations in Linear vs. Non-Linear Projections: Our method
does not readily extend to nonlinear embeddings like SNE [29],
whose iterative, non-analytic nature precludes closed-form solutions.
Moreover, we favor linear embeddings, as they enable a clearer
analysis of dimensional properties.

Limitations in Data Dimensions: If the number n of dimensions is
small, the system becomes over-constrained, and shift operations may
not be as accurate as desired.

8 CONCLUSION

In summary, we addressed the challenge of uncontrollable projection
outcomes by developing a mathematically grounded framework
that enables targeted, interactive adjustments in multivariate linear
projections for both classified and unclassified data — eliminating
the trial-and-error nature of previous approaches. To this end, we
introduce interactive Composition Operators that empower users to
find informative projections. Our Composition Operator Toolbox
provides, to the best of our knowledge, the most comprehensive set
of interactive tools available for supporting the user’s search for
informative projections, including functionalities such as
- (1) sticky points,
- (2) shift-able points,
- (3) restrict anchor points to be movable or not, enabling both an
- (4) item-based visual analysis and a
- (5) group-based visual analysis,
- (6) with and without a memory function, a support for
- (7) distortion minimizing projections (avoiding axes degeneration) &
- (8) class separating projections.

In addition, we derived
- (9) recommendations for the user on how to work with

Composition Operators in practice, and we provided
- (10) closed from solutions and
- (11) numerical solutions
in order to support the use of Composition Operators across various
computing environments. Although our approach is limited to linear
embeddings and cannot be trivially extended to nonlinear methods, it
facilitates the discovery of informative projections for both classified
and unclassified nD data. While this work primarily focuses on linear
shift operations, we plan to extend our approach to include shifting
curves in the future.
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ADDITIONAL MATERIAL FOR INTERACTIVE COMPOSITION OPERATORS
.

Proof and Derivations
.
Proof of Gradient in Eq. (8) and Eq. (9):

With e(A)∗ = αeA +βeM + γe∗Q of Eq. (7) gives ∇e(A)∗ as

∇e(A)∗ = α∇eA +β∇eM + γ∇e∗Q (27)

giving the independent terms of ∇e(A)∗ as

α∇eA =
d(α(||A−A||2F ))

dA
(28)

= α·2·(A−A) (29)

and

β∇eM =
d(β ·(∑q

i=1 ||(A−A)·mi −∆p||22)
dA

(30)

= β ·∑2·((A−A)·mi −∆p)·mT
i (31)

= β ·2·∑((A·mi)·mT
i − (A·mi)·mT

i −∆p·mT
i ) (32)

= 2β ·∑(A−A)·(mi·mT
i )−2β ∑∆p·mT

i (33)

= 2β ·(A−A)·∑(mi·mT
i )︸ ︷︷ ︸

M·MT

−2β ·∆p·∑mT
i︸ ︷︷ ︸

(M·1)T

(34)

= 2β ·(A−A)·M·MT −2β ·∆p·(M·1q)
T (35)

and

γ∇e−Q =
d(γ·(∑k

j=1 ||(A−A)·q j||22)
dA

(36)

= γ·∑2((A−A)·q)·qT (37)

= γ·2·∑((A·q)·qT − (A·q)·qT ) (38)

= γ·2·∑((A−A)·(q·qT ) (39)

= γ·2·(A−A)∑(q·qT )︸ ︷︷ ︸
QQT

(40)

= γ·2·(A−A)·QQT . (41)

and

γ∇e+Q =
d(γ·(∑k

j=1 ||(A·q j −pq j||
2
2)

dA
(42)

= γ·∑2(A·q j −pq j)·q
T
j (43)

= γ·2∑(A·q j·qT
j −pq j·q

T
j ) (44)

= (γ·2·∑A·q j·qT
j )− (γ·2·∑pq j·q

T
j︸ ︷︷ ︸

PqQT

) (45)

= (γ·2·A·∑q j·qT
j︸ ︷︷ ︸

QQT

)− (γ·2·PqQT ) (46)

= γ·2·(A·QQT −PqQT ). (47)

Putting (29), (35), and (41) in (27) gives (8); putting (29), (35), and
(47) in (27) gives (9) ■

.

Proof of Projection Composition Operator in Eq. (10):
The optimal projection A− is given when the gradient of (8) vanishes
with

∇e(A)− = 0 (48)
⇓β ·∆p︸ ︷︷ ︸

2×1

·(M·1q︸ ︷︷ ︸
n×n

)T

= (A−A︸ ︷︷ ︸
2×n

)·

 H︷ ︸︸ ︷
β ·MMT︸ ︷︷ ︸

n×n

+γ·QQT︸ ︷︷ ︸
n×n

+α·In︸︷︷︸
n×n

 (49)

⇓[
β ·∆p·(M·1q)

T ·H−1
]
= (A−A)·HH−1︸ ︷︷ ︸

In×n

(50)

⇓[
β ·∆p·(M·1q)

T ·H−1
]
= A−A. (51)

(51) and some exercise in algebra gives (10) with (33) ■

.

Proof of Projection Composition Operator in Eq. (11):
The optimal projection A+ is given when the gradient of (9) vanishes
with

∇e(A)+ = 0 (52)
⇓[

β ·∆p·(M·1q)
T − γ·PqQT

]
= (A−A)·

[
β ·MMT +α·In

]
(53)

+
[
γ·A·QQT

]
⇓[

β ·∆p·(M·1q)
T − γ·PqQT

]
= A·

[
β ·MMT +α·In

]
(54)

−A
[
β ·MMT +α·In

]
+A·

[
γ·QQT

]
⇓[

β ·∆p·(M·1q)
T − γ·PqQT

]
= A·

[
β ·MMT +α·In

]
(55)

+A
[
β ·MMT +α·In

]
+A·

[
γ·QQT

]
⇓[

β ·∆p·(M·1q)
T − γ·PqQT

]
= A·

β ·MMT + γ·QQT +α·In︸ ︷︷ ︸
H

 . (56)

+A
[
β ·MMT +α·In

]
(56) with H−1 gives (11) with (33) ■



Proof of Optimal Projection for case α = β = 1,γ = 0, and M = m
in Eq. (80):
The optimal projection A is given if the gradient of (79) vanishes with

∇e(A)(1,1,0) = 0 (57)

⇓
∆pmT = (A−A)·(mmT + In) (58)

⇓
(∆pmT )·(mmT + In)

−1 = (A−A)·(mmT + In)(mmT + In)
−1︸ ︷︷ ︸

In

(59)

⇓
(∆pmT )·(mmT + In)

−1 = A−A (60)

With (67) to (71) for the inverse (mmT + In)
−1 follows for the left side

in (60):

=
(

∆p ·mT
)
·

([
1

1+ ||m||22

]
·
[
In +(||m||22·In)−mmT

])
(61)

=

[
1

1+ ||m||22

]
·
(

∆p ·mT
)
·
[
In +(||m||22·In)−mmT

]
(62)

=

(
1

1+ ||m||22
·∆p

)
·
(

mT ·
[
In +(||m||22·In)−mmT

])
(63)

=

(
1

1+ ||m||22
·∆p

)
·
[
(mT ·In)+(mT ||m||22·In)− (mT ·mmT )

]
(64)

=

(
1

1+ ||m||22
·∆p

)
·

(mT ·In)+

0︷ ︸︸ ︷
(mT ||m||22·In)− (mT ·m)︸ ︷︷ ︸

||m||22

mT

 (65)

=

(
1

1+ ||m||22
·∆p

)
·(mT ·In) (66)

By exchanging the left side in (60) with (66), (80) follows directly ■

Derivation of Identity for (mmT + In)
−1:

(mmT+In)
−1 (67)

=



1+||m||22−m2
1

1+||m||22
−m1·m2
1+||m||22

... −m1·mn
1+||m||22

−m2·m1
1+||m||22

1+||m||22−m2
2

1+||m||22
... −m2·mn

1+||m||22
...

...
. . .

...
−mn·m1
1+||m||22

−mn·m2
1+||m||22

...
1+||m||22−m2

n
1+||m||22

 (68)

=

[
1

1+||m||22

]
·


1+||m||22−m2

1 −m1 ·m2 ... −m1 ·mn
−m2 ·m1 1+||m||22−m2

2 ... −m2 ·mn

.

.

.

.

.

.
. . .

.

.

.
−mn ·m1 −mn ·m2 ... 1+||m||22−m2

n

 (69)

=

[
1

1+||m||22

]

1 0 ... 0

0 1 ... 0

.

.

.

.

.

.
. . .

.

.

.
0 0 ... 1


︸ ︷︷ ︸

In

+


||m||22 0 ... 0

0 ||m||22 ... 0

.

.

.

.

.

.
. . .

.

.

.
0 0 ... ||m||22


︸ ︷︷ ︸

||m||22·In

-


m2

1 m1 ·m2 ... m1 ·mn
m2 ·m1 m2

2 ... m2 ·mn

.

.

.

.

.

.
. . .

.

.

.
mn ·m1 mn ·m2 ... m2

n


︸ ︷︷ ︸

mmT


(70)

=

[
1

1+||m||22

]
·
[
In+(||m||22·In)−mmT

]
(71)

Proof of Eq. (82):
Putting A of (80) in eM of (4) gives:

∣∣∣∣∣
∣∣∣∣∣
[(

1
1+ ||m||22

)
∆p·mT

]
·m−∆p

∣∣∣∣∣
∣∣∣∣∣
2

2

(72)

=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
( 1

1+ ||m||22

)
∆p·(mT m)︸ ︷︷ ︸

||m||22

−∆p

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2

2

(73)

=

∣∣∣∣∣
∣∣∣∣∣
(

||m||
1+ ||m||22

)
∆p−∆p

∣∣∣∣∣
∣∣∣∣∣
2

2

=

∣∣∣∣∣
∣∣∣∣∣
(

||m||
1+ ||m||22

−1

)
∆p

∣∣∣∣∣
∣∣∣∣∣
2

2

(74)

=

∣∣∣∣∣
∣∣∣∣∣
(

1− 1
1+ ||m||22

−1

)
∆p

∣∣∣∣∣
∣∣∣∣∣
2

2

=

∣∣∣∣∣
∣∣∣∣∣
(
− 1

1+ ||m||22

)
∆p

∣∣∣∣∣
∣∣∣∣∣
2

2

(75)

=

(
− 1

1+ ||m||22

)2

·(∆p2
1 +∆p2

2) (76)

.
Considering (∆p2

1+∆p2
2) as ||∆p||22 in (76) and dissolving the binomial

gives (82) ■

.

. Proof of Eq. (22):

. First, we see using expression (18) for H and (10) for A−A that

e(A)M =
q

∑
i=1

∥∥(A−A)mi −∆p
∥∥2

2

=
∥∥∥β∆p1T MT H−1M−∆p1T

∥∥∥2

F

≤qβ
2 ∥∆p∥2

2

∥∥∥∥MT H−1M− 1
β

Iq

∥∥∥∥2

F
.

(77)

Using the identity ∥M∥2
F = tr(MT M) for the Frobenius norm and

the fact that H is symmetric positive definite (for α > 0) we get∥∥∥∥MT H−1M− 1
β

Iq

∥∥∥∥2

F
=
∥∥∥MT H−1M

∥∥∥2

F
− 2

β

∥∥∥H−1/2M
∥∥∥2

F
+

q
β 2

≤
∥∥∥H−1

∥∥∥2

F
∥M∥4

F − 2
β

σ2
min(M)

σ2
max(H1/2)

+
q

β 2

≤q
σ4

max(M)(
α +βσ2

min(M)+ γσ2
min(Q)

)2

− 2
β

σ2
min(M)

α +βσ2
max(M)+ γσ2

max(Q)
+

q
β 2

(78)

Using (78) together with (77), the estimates ∥M∥2
F ≤ qσ2

max(M) and
∥M∥2

F ≥ σ2
min(M) as well as σmin(M)+δM = σmax(M) we arrive

. at (22).



Considerations to the existence of the inverse of H
The existence of a solution in (10) and (11) depends on the existence
of H−1. Thus, we going to discuss this aspect. If α > 0, the term
α·In acts as a regularization term for MMT and QQT making H a
positive definite and thus invertible matrix, independent of the choice
for β and γ and even if M and Q are empty. If α is zero, the existence
of the inverse depends on several factors: If β ̸= 0,γ = 0, q > n and
the data points mi ∈ M are linearly independent, M becomes positive
definite. If β = 0,γ ̸= 0, k > n, and the data points q j ∈ Q are linearly
independent, Q becomes positive definite. If β > 0,γ > 0 and either
M or Q (or both) are positive definite, the existence of H−1 can be
guaranteed. Note that the data points become linearly independent (if
they are not) by adding some tiny noise to them. Figure 11 illustrates
the related decision tree for the existence of the inverse of H.

exist

not exist

exist

yes

no

yes

no
Fig. 11: Decision tree for the existence of H−1.

Besides the algebraic properties of parameter α – making the inverse in
H existent or not – the parameter α has an additional deeper semantic
meaning: It fades the global change impact term in, in order to get ready
to operate. Since we are generally interested in an as-small-as-possible
change of projections under using our Composition Operators we chose
α = 1, which makes the inverse existent, and enables a minimization
of global impact under interaction.

Composition Operator for One Shift-able Point

Manipulation Energy Gradient
* * * one point shift * * *

∇e(A)

= 2(A−A)·(mmT + In)−2∆p·mT (79)

A closed form solution for the projection matrix A that minimizes
energy e when shifting one point Am to its desired new position (Am)+
∆p is given as:

Optimal Projection Composition Operator
* * * one point shift * * *

A =

(
1

1+ ||m||22

)
∆p·mT +A (80)

(80) does not trivially follow from gradient (79). Thus, please find a
proof of (80) in this additional material. This solution grows linearly in
n, can be computed quickly, and thus allows an interactive scheme.

Evaluation of the Quality Terms v.s. the Data Norms for One
Point Shift
In order to evaluate the influence of the shift operations to the quality
terms (cf. Section 4), we consider a certain configuration: Usually, data
are normed into a [0 1] interval, e.g., when they are loaded. Following
the central limit theorem, the mean component value is then likely d =
0.5 ((max−min)/2) when the number m of records is large. Moreover,
usually, it cannot be expected that a shift ∆p is more distant than 1,
describing a unit circle in the projection space. Hence, we assume the
following standard configuration as lower and upper estimations for a
component di of the data records di ∈ d and the norm of any shift ∆p:

[dmin = 0,d = 0.5,dmax = 1, ||∆p||2,max = 1]. (81)

Note that our standard configuration represents the space of configura-
tions, meaning that the discussion for other min-max configurations go
analogously.

The general shift quality of (4) gives, with the operator of (80), the
shift quality for the one point case as

e(A)M =
||∆p||22

||m||42 +2||m||22 +1
, (82)

describing the quality of how good the point pm is placed to point pm
by applying the Composition Operator of (80). Find the proof of (82) in
the additional material, too. Ideally, it vanishes under shift operations.

First, this energy usually seems not to be zero, but growing with the
shift vector ∆p, reflecting the required regularization in H discussed
above, since the term mmT is singular and thus (mmT )−1 does not
exist (cf. Figure 11). Second, from Sec. 5, we know that a data record
with vanishing norm requires a larger change ∆A in A than a record
with larger norm to cross ∆p. Thus, the norm ||m||2 of the record is
also important for the error, which shift quality (82) reflects, too.

In order to analyzing this aspect, let ms = (ms, ....,ms)
T be a

shift-able data point, with constant component s, giving its norm as
||ms||2 =

√
n·s, where s defines the radius of a hypersphere. Since

each point on a hypersphere has the same norm, ms allows us to
generally investigate norm properties. Then, the behavior of the shift
quality for the standard configuration for a data dimensionality n from
3 to 10 is given in Figure 12. It can be seen that the quality error
shrinks to 0 if the norm of the shift point in data space gets large and
grows to infinity. This is an expected behavior, from Section 5. The
opposite statement applies as well, meaning that small values increase
the error. This is plausible, since the smallest normed value 0 cannot
be shifted at all. Hence, the shift quality blends from ||∆p||2,max = 1
to zero, considered over the data norm spectrum from zero to infinity.
Moreover, the mean shift quality for the mean norm ||m0.5||2 is 0.32
to 0.08 for dims 3 to 10, when the user wants to cross the length 1 by
a shift. This shift error is small, even negligible; and in practice the
shift is usually smaller than one, decreasing this negligible quality
error further. In conclusion, we learn that the quality improves when n
grows (or for small n, when the data norm ||m||2 grows) and that the
mean shift quality is small and negligible.

3 4 5 6 7 8 9 10

0.5
0.3

0.1
0.05

0.0

1.0

logarithmic scale

0.32
0.25

0.19 0.16 0.13 0.11 0.09 0.08
0.062

0.040 0.022 0.015 0.012 0.010 0.0080.020

Fig. 12: Shift quality eM for standard configuration vs. dimensionality n.

Axes Configuration: Degeneration vs. Stability

One aspect that needs to be considered is the degeneration of the axes
configuration under interaction. Fig. 13 illustrates this effect: It means
that the difference between the norm of the smallest and largest anchor
point may get large and even grow to infinity (reflecting the degenera-
tion of the two singular values in A). Though these projections exist,
they are not appropriate for a visual inspection anymore, because of the
following required excessive use of zooming and panning operations.
Figure 14 shows the Iris axes during a closed shift tour, without (top)
and with (bottom) sticky points. No axis degeneration occurs when
points are moved away and back - confirmed in all our experiments -
because the manipulation energy balances all axes during Composition.
Thus, axis stability behaves as desired.

degenerated
Fig. 13: Illustration for a degeneration of projection matrix A for n = 5
dimensions: (left to right) evaluation from the well-defined to the degen-
erated case.
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Fig. 14: Axes Configuration: Degeneration vs. Stability.
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Fig. 15: Case Study - Maximum Separation for Points of Interest in the US Money Data Set.

Case Study - Maximum Separation for Points of Interest in
the US Money Data Set
In Fig. 15, a case study for a visual task is shown that can be solved
with the aid of our Composition Operators. In detail, a user may be
interested in maximizing the separation of a set of points of interest
(orange arrows). For doing so, using a simple strategy of shifting points
and selecting sticky points appropriately does the job. See the axes
configuration outcome in sub-figure 7. It would be challenging (and
likely time-consuming) to get such a configuration, which fulfills the
desired visual task, by a manual exploration of the parameter space or
by using projection tours.

Case Study - Cluster Emphasis in the Iris Dataset
Fig. 16, illustrates our cluster emphasis workflow. In Fig. 16a we
can see our initial Star Coordinate projection. Next in Fig. 16b, we
anchor the Setosa class (pink) as sticky and select one representative
Versicolor point (brown) and one Virginica point (yellow) as shiftable.
To reduce overlap, we first drag the Virginica point leftward, increasing
its distance from the Versicolor cluster (Fig. 16c). Then in Fig. 16d, we
move the Versicolor point towards the top-right, pushing it further away
from Virginica. By applying further sequential shifts along different
axes (Fig. 16e+f ), the projection achieves greater class separation and
markedly reduces overlap. Although Versicolor and Virginica remain
inherently intermingled — complete separation is not possible given
their feature similarity — the adjusted layout brings the overlapping
region into clearer focus, making it easier to inspect and interpret
borderline cases as we can see in Fig. 16g.

Case Study - Feature-Selective Separation
The user first anchors one or more exemplar points for a target cluster,
then applies targeted shifts to pull other points with similar character-
istics toward those exemplars. This operation consolidates the cluster

Fig. 16: Case Study - Cluster Emphasis in the Iris Dataset

into a tighter, more coherent grouping, enhancing intra-cluster cohe-
sion and overall class separability. Figure 17 demonstrates this on the
WDBC dataset. By pulling benign instances toward a chosen exemplar,
the benign cluster becomes markedly more compact and more clearly
separated from malignant samples.

Case Study - Shape-Driven Exploration

Figure 18 illustrates shape-driven exploration on a small, synthetically
generated five-dimensional dataset. In the left panel, all axes in the
Star Coordinate View are equally weighted and the red points appear
as an unstructured cloud with no discernible pattern. In the center
panel, a handful of points have been marked as shiftable and dragged
onto a circular guide; using the Composition Operator then computes
a new projection matrix in closed form so that those points lie exactly



Fig. 17: Feature Selective Separation creating more compact clusters for
WDBC dataset

on the circle, yielding a clean, ring-shaped arrangement of the entire
dataset. In the right panel, a different subset of points is aligned along
a straight-line band and similarly shifted; the operator recomputes the
projection matrix to project them precisely onto that line, producing a
narrow filament of points. These examples demonstrate that, by simply
specifying a geometric form and shifting a few points, one can sculpt
arbitrary shapes out of high-dimensional data in a single, deterministic
solve without any iterative parameter tuning or exhaustive search if this
structure lies in the given data.

Fig. 18: Shape-Driven Exploration of a synthetically generated sample
dataset

Case Study - Automatically Class Separating Projections

A common visual task is to select projections that exhibit class
separation [52, 67]. Here, class separation means that classes appear
as distinct clusters in the projection space if and only if they are also
separated in the original nD dataset (i.e., one that is free of mutual
overlap whenever possible). Given the infinite possibilities offered by
the projection space — and considering that this problem is NP-hard —
we demonstrate the potential of Composition Operators by employing
them to automatically identify class separated projections.

Fig. 19 presents a class separated projection of the Statlog data [18,52],
achieved using the greedy scheme described below as the Algorithm
for Greedy Class Separation with Composition Operators. As the
scheme progresses from the initial state on the left to convergence
on the right, the separation between classes improves markedly,
demonstrating the effectiveness of composition operators. Note that
the DSC values are normalized by the number of data points.

Fig. 19: Greedy separation of Statlog data with Composition Operators

Algorithm: Greedy Class Separation with Composition Operators

1) Our scheme quantifies the current quality of class sep-
aration in the projection P using the Distance Consistency
(DSC) metric from Sips et al. [67]. The DSC is defined as
DSC(P) =

∣∣{pk,i : ∥pl,i − ck∥ ≤ ∥pk,i − cl∥ ∀ l ∈ |C|
}∣∣ , where

pb,c ∈ p denotes the bth 2D projection point (with b ∈ [1, t]) of class
c (with t = |c|) with respect to the projection P. Larger DSC values
indicate better class separation.

2) The 2D centroid cc of class c in the projection p is de-
fined as the mean of all 2D points that belong to that class.

3) Within our greedy scheme, we alternate by allowing the
points of a single class c to be freely shifted using a specific shift
vector ∆p, while keeping the points of all other classes fixed. This
yields an updated projection matrix Ak+1 derived from the current
matrix Ak and the shift ∆p according to Eq. 16, with the goal of
progressively maximizing class separation.

In other words, one class is designated as shift-able while the others
remain sticky. This alternating one-vs.-rest strategy is repeated until
convergence — that is, until the DSC ceases to improve (evaluated
over 50 iterations to mitigate numerical noise in the convergence
behavior). For the currently movable class c, the shift vector ∆p is
defined as:

∆p =
∥c∥2

2
(dmin +∥c∥2

2)
· cci + f (k) · dmin

(dmin +∥c∥2
2)

· c (83)

with c is the average of the points in the projection p, dmin =
min(||cci||22 = ||cc − ci||22) with i represents a loop over all classes,
except for class c, k is the iteration number of the greedy approach,
and f (k) is f (k) = 100/(100+ k), supposed to fade out the impact
of the overall average c in the later iterations. The shift vector ∆p is
designed to penalize classes that exhibit substantial overlap according
to the DSC metric, thereby driving them apart. Our approach initial-
izes the greedy scheme with the projection matrix A0 corresponding
to the orthographic standard configuration [43].

Comparison between Composition Operators and
Molchanov [52]
Molchanov et al. [52] proposed a comparable method for class sepa-
ration in linear projections. Their approach shifts an entire class by
representing its centroid, while all points in the projection space remain
shiftable. The actual shift is performed through manual user input (drag
& drop) of the class centroid in the desired direction. However, auto-
matic optimization with Composition Operators exceeds this approach
in several respects:

1. The use of sticky points preserves the existing structure, enabling
increased compactness within classes and greater separation be-
tween them.

2. Degenerated axes are prevented through orthographic representa-



Fig. 20: Comparison between PCA initialized star coordinate widget
(left), the technique by Molchanov et al. [52] (middle) and automatically
computed class separating projections with Composition Operators (right)
for iris dataset. The level of separation is indicated by the DSC value in
the figure.

Fig. 21: Comparison between PCA initialized star coordinate widget
(left), the technique by Molchanov et al. [52] (middle) and automatically
computed class separating projections with Composition Operators (right)
for wine dataset. The level of separation is indicated by the DSC value in
the figure.

tion.

3. Automatic optimization allows reproducibility of the manipula-
tion process, resulting in consistent outcomes across multiple
runs.

4. Both single- and multi-point shifts offer enhanced flexibility in
manipulation tasks.

Figure 20 and Figure 21 show the results of class separation on various
benchmark datasets using automatic optimization with Composition
Operators compared to the manual approach by Molchanov et al. [52].
To ensure a fair comparison, we selected the best result out of 5 attempts
from Molchanov et al.’s approach, as this method requires manual
intervention and thus exhibits variability in separation quality. We
used well-known benchmark datasets — iris, wine, statlog, and ecoli
— from the UCI repository. Using DSC as the reference metric (cf.
Sips et al.), both approaches perform differently compared to the initial
configuration using PCA (see Table 2), where Composition Operators
outperform. Furthermore, with extensive user interactions, the approach
of Molchanov et al. may lead to degenerated axes, whereas optimization
with Composition Operators uses orthogonally scaled axes to prevent
such degeneration.

DSCPCA DSCMol DSCCO
iris 0.913 0.966 0.973

wine 0.960 0.972 1.000
statlog 0.752 0.793 0.818
ecoli 0.678 0.749 0.761

Table 2: Benchmark for class separation: DSCPCA is the DSC after
embedding the data using PCA (which also corresponds to Star Coordi-
nates), DSCMol is the best DSC value after 5 attempts at class separation
using the approach by Molchanov et al., and DSCCO is the DSC value
after automatic class separation with Composition Operators.

.

.



Operators at a Glance
A compact overview of the introduced Composition Operators can be
found here.
General Form of Composition Operators (no memory)

A−
=
[
β ·∆p·(M·1q)

T ·H−1
]
+A

with
H =

(
β ·MMT + γ·QQT +α·In

)
.

General Form of Composition Operators (memory)

A+
=
[
β ·∆p·(M·1q)

T +(γ·PqQT )+A(α·In +β ·MMT )
]
·H−1

with
H =

(
β ·MMT + γ·QQT +α·In

)
.

Special Case of Composition Operators:
Only Set-Shift, No Sticky (α = 1,q > 1, k = 0)

Aε =
[
∆p·(Mε ·1q)

T ·H−1
ε

]
+A

with

Hε =
(

Mε MT
ε + In

)
.

with mε ∈ Mε as

mε = (m/||m||2)· f0(ε),

and

f0(ε) = ||mmin||2 +
(−3||mmin||2 −||m||2 +4||mmax||2)ε

+(2||mmin||2 +2||m||2 −4||mmax||2)ε2.

Use when only a set of shift-able points are selected.

Special Case of Composition Operators:
Single-Point Shift, No Sticky (α = 1,q=1,k=0)

A =

(
1

1+ ||m||22

)
∆p·mT +A

Drag exactly one shift-able point.

Special Case of Composition Operators:
Set-Shift, Set-Sticky, no memory (α = 1,q > 0,k > 0)

A−
εδ =

[
f δ
1 ·∆p·(Mε ·1q)

T ·H−1
εδ

]
+A

with
Hεδ =

(
f δ
1 ·Mε MT

ε + f δ
2 ·QQT + In

)
with mε ∈ Mε as

mε = (m/||m||2)· f0(ε),

and

f0(ε) = ||mmin||2 +
(−3||mmin||2 −||m||2 +4||mmax||2)ε

+(2||mmin||2 +2||m||2 −4||mmax||2)ε2,

and

f δ
1 =−2δ

2 +3δ , f δ
2 = 4δ

2 −4δ +1.

Allows sticky points to drift slightly.

Special Case of Composition Operators:
Set-Shift, Set-Sticky, memory (α = 1,q > 0,k > 0)

A+
εδ =

[
f δ
1 ·∆p(Mε ·1q)

T +( f δ
2 ·PqQT )+A(In + f δ

1 ·Mε MT
ε )
]
·H−1

εδ

with
Hεδ =

(
f δ
1 ·Mε MT

ε + f δ
2 ·QQT + In

)
with mε ∈ Mε as

mε = (m/||m||2)· f0(ε),

and

f0(ε) = ||mmin||2 +
(−3||mmin||2 −||m||2 +4||mmax||2)ε

+(2||mmin||2 +2||m||2 −4||mmax||2)ε2,

and

f δ
1 =−2δ

2 +3δ , f δ
2 = 4δ

2 −4δ +1.

Sticky points are pulled back to their original locations (memory).

All inverses are well-defined because In acts as fixed Tikhonov term
(α ≡ 1). Only one n×n inverse per selection required.

Practical Recommendations
1. Select high-norm records as shift-able.

Requires smaller changes in A; preserves global context.

2. Combine high-norm shift-able with low-norm sticky points.
Minimises manipulation energy and produces crisp moves.

Further Tools
• Axis locking. Zero the corresponding rows in M and Q and

subtract the linear influence of fixed axes from the projected
points; the operator keeps those axes fixed in the application of
the Composition Operators.
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